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Prologue how ion we use lanes to understand surfaces

Normal slicing

Recall kn is the normal curvature of x in S and is givenby

Ku TSN
Observation if P is a plane through pes containingNe

and a P as then at p T is parallel to N so kn K

É

By the following prop this is enough to describe

the normal curvature of any curve through e

Prop Meunier All carves x in S with the same tougeat

live have the same normal curvatures

A priori Ku depends on the first 2 derivatives of a bio

kn T N x N

Retail Darboux Rome N depends onlyT
kn T N

on S not on a in e Nlt Panos
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IN la did

I



kn LT IN k only depends on T

You con think of it as a partial framing of S

If you want to be careful about domains
t to domains

T T S dup Tp S T S canon is on

Ireally N is the tracer Caton four of the lie goop II

p dp N TIE TIE

IN uses M s form again

Note that this sags the normal conatus behaves

like a quadratic four

Did The quadratic form Ip ditched outes

by Ip u due lol u is called the

second fundamental form of S at p

Rud here C S is the indued Riemonnion metric

oud Ipos Luv is the Rivet fundamental form

More linear algebra U T S g L
7 Riem metric

Three equivalent the alg objets

Quadratic forms Q on V

Symmetric
bilinear Porus on V

0 get adjoint endomorphisms at V
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quadratin forms as symmetric bilinear forms
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In spectral theorem f th is self adjoint
it has on orthonormal basis of eigenceitars



This all fits our situation verynicely once we

know

Pret del is selfadjoint
T E Measurer's thar

Dile a chart fr fr S at p

Lenox 4.5 424211.21
not Ita

There is an orthonormal basis

e eat of IS such that
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DI Swope operator principal car vetoes

In analogy with Framings information about how

the surface bends in space is contained in dN

Dfe k and k are called the principal curvatures

at S at p

If ki ka p is called an acubilic point of S

If p is not umbillic e and ez are unique up to sigh

and Ie and ten are called the principal
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directions

Kit is called the man curvature of S atp

and is written H IN EEE in

Note the stolen the sais les es

k.kz is called the Gauss curvature of S at

p and is written K

Note K def IN

S
N of 52 is I id

N at b'AR is the map to
the equator
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Let Kiska be the principle curvatures of S at a

point p p is called
i e

if
K O

hyperbolic
kid k O

K O H 0

exactly one is O

parabolic K S O
K and K how the some sign

elliptic K H O
ki ka O

plover

Icu 13
hyp

par FEETell hyperbolic

Propt If yes is elliptic then I ubledU on which all ptsof 5

lie on one side of TI as a affine plane
If pas is hyperbolic then U U I points in V on eachside offs

T Use poem X WI Koro e

du flap 1160,0 NG is dint to plow

Taylor expand X
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so if p is elliptic with k o Whoo the limit is

k O in all directions so I 0 for a u small

and if p is hyperbolic the limit is positive in the

tea direction and negative in the Ie direction

Ruhi Converse is false eg surface of revolution of z y4
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planarpoint
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